The restricted triangulation existence problem on a given graph decides whether there exists a triangulation on the graph's vertex set that is restricted with respect to its edge set. Let G = C(n, S) be a circulant graph on n vertices with jump value set S. We consider the restricted triangulation existence problem for G. We determine necessary and su cient conditions on S for which G admitting a restricted triangulation. We characterize a set of jump values S(n) that has the smallest cardinality with C(n, S(n)) admits a restricted triangulation. We present the measure of non-triangulability of K n − G for a given G.
Introduction
A graph is an ordered pair G = (V , E), where V is a set of vertices, and E is a set of edges. An order of G is the number of its vertices while a size of G is the number of its edges. A graph is called geometric, if its edges are straight-line segments.
A triangulation T n of a nite set of points V in the plane is a maximally connected, straight-line planar graph with vertex set V. Each bounded face is a triangle, and the triangulation includes the boundary of the convex hull.
Let n ≥ . A circulant graph G = C(n, S) is a graph on the vertex set V(G) = {v , v , . . . , v n− } such that each vertex v i is adjacent to vertices v i±a where i = , , . . . , n − and the subscript index i ± a is reduced modulo n for all a ∈ S. That is, v i v j is an edge of C(n, S) if and only if j − i ∈ S or n − j − i ∈ S. A set S ⊆ { , , . . . , ⌊n ⌋} is called a set of jump values of G = C(n, S). When discussing circulant graphs, we will often assume that the vertices are the corners of a regular n-gon, labeled in clockwise order and the edges are straight line segments. Hence, circulant graphs can be considered as geometric graphs.
Circulant graphs include the family of cycles C(n, { }) and the family of complete graphs K n = C(n, { , , . . . , ⌊n ⌋}). Clearly, when G = C(n, S ) and G = C(n, S ) are two circulant graphs such that S < S , then the size of G is smaller than the size of G (i.e., E(G ) < E(G ) ). Hence, for simplicity we shall say that G = C(n, S ) is a smaller size circulant graph than G = C(n, S ) when S < S .
Let E be some set of edges spanned by V. We say that a triangulation T n of V is restricted with respect to E if E(T n ) ⊆ E. The restricted triangulation existence problem, on a given graph G(V , E), is to decide whether there exists a triangulation of V that is restricted with respect to E. This problem was proven to be NP-complete (see [1, 2] ). In section 2, we solve this problem for a certain geometric graph -a circulant graph. We give a characterization of a circulant graph G to admit a restricted triangulation.
Another related problem is beginning with a problem presented by Micha Perles on DIMACS Workshop on Geometric Graph Theory in , which asks to determine the largest possible number h(n) such that every geometric graph on n vertices with at least n − h(n) edges has a non-crossing Hamiltonian path which has been studied byČerný et al. [3] . The authors in [4] motivated by Perles problem proved that if F n is a subgraph of a convex complete graph K n , where F n contains no boundary edges of K n and E(F n ) ≤ n − , then K n − F n admits a restricted triangulation.
In section 3, we characterize a circulant graph G as a subgraph of a convex complete graph K n and E(G) ≤ L(n) such that K n − G allows a restricted triangulation.
We obtain a set of jump values S(n) = {a , a , . . . , a } that has the smallest cardinality S(n) such that C(n, S(n)) admits a restricted triangulation. That is, C(n, S(n)) is the smallest size circulant graph admitting a restricted triangulation.
Let v i v j be an edge in a convex graph G, the distance between v i and v j in G is the length of a shortest (v i , v j )-path in G. A span of v i v j is de ned as the distance between its two end points v i and v j . In other words, a natural number
Hence, we can see that H = C(n, {d}) is a circulant graph in which v i v j ∈ E(H) and each edge in H has a span d. Let E(T n ) be a set of edges of T n and D(T n ) be a set of spans of all edges in E(T n ).
. Importance of the triangulations and circulant graphs
Circulant graphs are an important class of interconnection networks in parallel and distributed computing. It can be used in the design of local area networks (see [5, 6] ). On the other hand, computing a triangulation on a given graph has several important applications in di erent areas such as nondense matrix computations [7] , database management [8] and arti cial intelligence [9] . Moreover, triangulations are used in many areas of engineering and scienti c applications such as nite element methods, approximation theory, numerical computation, computer-aided geometric design, computational geometry, etc. (see [10, 11] ).
It is well known that any triangulation on a set of point in the plane includes the boundary of the convex hull. For our case, v i v i+ ∈ E(T n ) for each i = , , . . . , n − which yields ∈ D(T n ) and then ∈ S by Lemma 2.1.
Every maximal outer planar graph (as a special case, triangulation on a convex polygone) has at least two vertices of degree (see [12] ). Hence, if v i+ is a vertex of degree in T, then the diagonal edge v i v i+ must be in E(T n ) because v i+ is incident just on two edges of T n which are the boundary edges v i v i+ and v i+ v i+ . Thus, ∈ D(T n ) since is the distance between v i and v i+ . Then ∈ S by Lemma 2.1.
It is not di cult to verify that the converse of Proposition 2.2 is not true. For instance, G = C( , S ) where S = { , , } does not admit any restricted triangulation, while each of G = C( , S ) and G = C( , S ) admits a restricted triangulation with S = { , , } and S = { , , , }. Note that S = S while S = S ∪ { }. Hence, the question arises: what conditions on S do guarantee that C(n, S) admits a restricted triangulation and what is the smallest cardinality S of the set of jump values S for which C(n, S) admits a restricted triangulation?
The following proposition proves that the circulant graph C(n, S n ) admits a restricted triangulation where S n is a set of ascending values {a , a , . . . , a s } in which a = , a = , a s = ⌊ n ⌋ and a i+ − a i ∈ S n for each i ∈ { , , . . . , s − }. Figure 1 .
We shall construct the triangulation T G of G , and then G can be triangulated in a similar way.
( * ) It is important to mention that in the following argument the property a i+ − a i ∈ S n , for each two consecutive values a i and a i+ in S n , and , ∈ S n , are basic tools to construct T G .
Let a i , a i+ be two consecutive vertices in S n and a i+ − a i = a j i ∈ S n for some a j i ∈ { , , a , . . . , a i } (since S n is a set of ascending values). Now we obtain a triangulation for
i= T i be the triangulation of G . In a similar way we obtain Proof. In both cases a = , a = and
Then the circulant graph C(n, S) admits a restricted triangulation by Proposition 2.3. Now, we shall de ne a smallest size circulant graph that admits a restricted triangulation. Before proceeding, we present some ingredients that will be used to prove the main results in this section.
-When n is even number, then n can be written as n = t. 
where a ≥ is an integer number. Step (2),
If ∈ S α and a i+ = a is an odd and not divisible by number, then by Algorithm (A)
Step (4),
Proof. Suppose that C(n, S(n)) is a circulant graph and let α, β, c and t is de ned as above. We shall construct a restricted triangulation T n of C(n, S(n)). When n is even and t = , S(n) = S (In this case, β = and then S α = { } and then c.S α = {c} and c ∈ S ). Then let
The circulant graph when n = is depicted in Figure 2 .
When n is even and t ≥ , S(n) = S ∪ c.S α . In this case, and also when n is odd (which means t = n), we have t-gon which is induced by the vertices v , v c , v .c , . . . , v (t− ).c , v (t− ).c (the shaded part in Figure 3) .
We shall triangulate this t-gon by T ′ which is obtained by one of the following three cases depending on
. . , n i − } which triangulates unshaded part, between n-gon and t-gon, in Figure 3 . Then, let T n = T ∪ T ′ or T n = T ′ be a triangulation to C(n, S(n)) when n is even with t ≥ or when n is odd, respectively. Without loss of generality assume that R is a subgraph of G and h = . By Lemma 2.5, we have , ∈ S α and a i+ − a i ∈ S α for each a i+ , a i belonging to S α . Hence, we can use the argument ( * ) of Proposition 2.3 to show that R can be triangulated by T r . Moreover, similar as in the proof of Proposition 2.3 we can consider G as a nite union of such polygons. Then we can assume that T G is a nite union of the restricted triangulation of these polygons. Obtain T G (on G ) and T G (on G ) by "rotating" the edges of T G , see This completes the proof. 
Then de ne S * to be a set of ascending natural numbers such that,
there is {x, z} ⊂ S * such that n = x + y + z where y ∈ { , a i } for some i ∈ { , . . . , k},
It is clear that, S * = S n when a k = ⌊ n ⌋. Our main result, Theorem 2.8, proves the su cient and necessary condition for a circulant graph C(n, S) to admit a restricted triangulation.
Theorem 2.8. Suppose G = C(n, S) is a circulant graph. G admits a restricted triangulation if and only if S contains S
Proof. Let G have a restricted triangulation T n . We shall prove that S contains S * . By Lemma 2.1, it is enough to prove S * = D(T n ).
Arrange the spans of D(T n ) to be ascending values. Since, the circulant graph C(n, D(T n )) admits T n , then by Proposition 2.2, we have { , } ⊆ D(T n ). Let D(T n ) = s, then d s is the maximum span in D(T n ).
(⋆) Let t be de ned as before. Suppose that d s < ⌈ t ⌉ ⋅ c. Without loss of generality assume that, c = and
is a subgraph of T n that triangulates R and let e be an edge in T r such that the span of e is the maximum with respect to D(T r ). Then: -either e = v d s v t which yields that its span
which is a contradiction with maximality of d s ∈ D(T n ); -or, e = v d s v d s which yields that d s
− d s = d s ∈ D(T r ) ⊂ D(T n ); but d s > d s ,
which also contradicts the maximality of d s ∈ D(T n ). Hence, R is not triangulated by T n which is a contradiction with C(n, S) admitting a restricted triangulation
Now, in order to check property (ii) of S * we have to consider two cases: 
then T n contains a triangle △ = v h v h+d s v h+d s +d i v h for some d i ∈ D(T n ) and v h ∈ V(G). The span of the edge v h+d s +d
i v h ∈ E(T n ) is n − (d s + d i ) ∈ D(T n ) (d i < d < d i+ such that v j v j+d ∈ E(T r ). This implies that, d ∈ D(T r ) ⊂ D(T n ), a
contradiction with d i and d i+ are two consecutive spans in D(T n ).
Hence,
This completes the proof of the necessity.
To show the su ciency, suppose that S * ⊆ S. Then, C(n, S * ) is a subgraph of C(n, S). Without loss of generality assume that R is a subgraph of G and h = .
Since S * = { , , a , a , . . . , a k } and satis es that a i+ − a i ∈ S * for each i = , . . . , k − , then we can use argument ( * ) of Proposition 2.3 to show that R can be triangulated by T r . Consider G as a nite union of such polygons. Then we can assume that T G is a nite union of the restricted triangulation of those polygons. Obtain T G (on G ) and T G (on G ) in a similar way. Then T G ∪ T G ∪ T G is a triangulation of C(n, S * ).
This completes the proof.
Corollary 2.9. S(n) is S
Proof. By de nition of S(n), either S(n) = S (when n is even and t = ) or S(n) = S α (when n is odd) or else S(n) = S ∪ c.S α . By de nition of S , we have that S is a set of ascending values and contains , ; also S α is a set of ascending values by Algorithm (A) and contains , by Lemma 2.5. Thus S(n) is a set of ascending values containing , . Now, let denote the cardinality of S(n). When S(n) = S , a = r = n . Let x = z = a and y = then we have n = x + y + z.
When S(n) = S α or S(n) = S ∪ c.S α , we have by de nition of β, a = ⌈ t ⌉ ⋅ c. To get n = x + y + z we have three cases. When α = t− , β = α + and t = .α
Let a i and a i+ be any two consecutive values in S(n). If a i , a i+ ∈ S , then a i = i and a i+ = i+ and
If a i = r , then a i is the last value in S and the rst in c.S α (recall that,
Corollary 2.10. Let n ≥ be a natural number. Suppose G = C(n, S) is a circulant graph. Then G admits a restricted triangulation if one of the following conditions hold. (1) When n is odd, S contains { } and all odd values a i ≤ a s where
⌈ n ⌉ ≤ a s ≤ ⌊ n ⌋.
(2) When n is even, S contains { } and all even values a i ≤ a s where
Proof. In both cases a = , a = belong to a set of ascending values S, and
To show the property (2) of S * we have to consider two cases.
Case (1)
When n is an odd natural number. Let n ≥ (When n = , then S = { , } and clearly C( , S) admits a restricted triangulation
for some i ∈ { , . . . , s}. If ⌈ n ⌉ is an even number, then ⌈ n ⌉ + = a i for some i ∈ { , . . . , s}.
Whether ⌈ n ⌉ is odd or even, we have n − a i is odd and ≤ n − a i ≤ a i . Then n − a i = a j for some
When n is an even natural number, we have r ≥ and then c(≥ ) is even. Hence, ⌈ t ⌉ ⋅ c is even and then ⌈ t ⌉ ⋅ c = a i for some i ∈ { , . . . , s}. Now, we have n − a i is even and either n − a i = or
By Theorem 2.8, the circulant graph C(n, S) admitting a restricted triangulation.
where the multiplication is reduced modulo n and gcd(q, n) = . Then G is isomorphic to H.
Example 2.12. Let n = and S(n)
The next corollary considers circulant graph G = C(n, S) admits a restricted triangulation when there is an integer q ≥ with gcd(q, n) = such that S * ⊆ q ⋅ S. Proof. Suppose that, q ≥ is an integer such that gcd(q, n) = and S * ⊆ q.S or q.S * ⊆ S. Then, there is a set S ′ ⊂ S such that S * = q.S ′ or q.S * = S ′ . Thus, by Proposition 2.11, the subgraph H = C(n, S ′ ) of C(n, S) is isomorphic to C(n, S * ). By Theorem 2.8, H = C(n, S ′ ) admits a restricted triangulation. Thus, G has a con guration that admits a restricted triangulation. This completes the proof.
. An application
The skewness of a graph G, denoted sk(G), is the minimum number of edges to be deleted from G such that the resulting graph is planar. The convex skewness of a convex graph G, denoted sk c (G) is the minimum number of edges to be removed from G so that the resulting graph is a convex plane graph (see [14] ).
Proposition 2.14. Let G = C(n, S) be a circulant graph and let q ≥ be an integer such that gcd(q, n) = .
Proof. If S * ⊆ S, then G = C(n, S) admits a restricted triangulation, by Theorem 2.8. If qS * ⊆ S or S * ⊆ qS, then G = C(n, S) admits a restricted triangulation, by Corollary 2.13. It is known that, any triangulation T of a convex n-gon has n − edges (n − of them are non-boundary edges). If any new straight line segment is added to the triangulation, it will intersect with some non-boundary edge of T. Hence, we have sk c (G) = E(G) − ( n − ).
K n − G admits a restricted triangulation
In this section we turn to another question: which circulant graph G on n vertices does satisfy that K n − G admits a restricted triangulation and what is the largest size of G such that K n − G still admits a restricted triangulation? We answered the rst question by Corollary 3.1 and Corollary 3.3. We show that C(n, S(n)) is a smallest size circulant graph that admits a restricted triangulation, in order to answer the second question by Theorem 3.5. In what follows, let N = { , , . . . , ⌊n ⌋}. This completes the proof.
De nition 3.2 ([14]
). Let K n be a convex complete graph with n vertices. F is said to be potentially triangulable in K n if there exists a con guration of F in K n such that K n − F admits a triangulation. Proof. Suppose that, q ≥ is an integer such that gcd(q, n) = and S * ⊆ q.(N − S) for some S * . Then, there is a set S ′ ⊂ N − S such that S * = q.S ′ . Then by Proposition 2.11, the subgraph C(n, S ′ ) of C(n, N − S) is isomorphic to C(n, S * ). By Theorem 2.8, C(n, S ′ ) has a con guration that admits a restricted triangulation.
Thus, C(n, N − S)(= K n − G) admits a restricted triangulation. This completes the proof.
To answer the second part of the question, we shall determine the largest size L(n) of G for which K n − G admits a restricted triangulation. Before proceeding, let rst E(C(n, S(n))) = E where S(n) = . Then we deduce that,
n , otherwise. The next result shows that whenever C(n, S) admits a restricted triangulation then S ≥ S(n) . That is, C(n, S), is not a smaller size than C(n, S(n)).
Theorem 3.4. C(n, S(n)) is the smallest size circulant graph admitting a restricted triangulation if n ≥ .
Proof. Recall that, S(n) = S ∪ c ⋅ S α . By Theorem 2.6, C(n, S(n)) admits a restricted triangulation. Hence, we just show that S(n) is the smallest cardinality set for which the conclusion remains true.
Assume that C(n, S) is a circulant graph that admits a restricted triangulation where S = {b , b , b , . . . , b s } is a set of ascending jump values to C(n, S).
By Theorem 2.8, S contains S * . Thus, , ∈ S and ⌈ t ⌉ ⋅ c ≤ b s ≤ ⌊ n ⌋ and for any i ∈ { , . . . , s − },
In case when b i+ is even we have, according to S α (by Algorithm (A) step (2) Then, S α = { , , , , , , }. In this case, Take S ∈ {S , S } where S = { , , , , , , , }, and S = { , , , , , , , }. Note that S is of cardinality 8 while S α is of cardinality 7.
Case (2) : j ∈ { , . . . , i − }.
In S α , this case is satis ed in step (4) Let L(n) = n − E (where n is the size of K n and E is the size of C(n, S(n))). Then, we conclude that L(n) = ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ n(n− ) , t = ; n(n− − ) , otherwise.
By Theorem 3.4, we have that E is the smallest number of edges of a circulant graph that admits a restricted triangulation. The following result is to measure the non-triangulability of K n − G.
Theorem 3.5. Let G = C(n, S) be a circulant graph. Then K n − G admits no restricted triangulation if E(G) > L(n).

Proof. Let E(G) > L(n). Then E(K n − G) =
n − E(G) < n − L(n) = E . Then N − S < E . By Theorem 3.4, C(n, N − S)(= K n − G) admits no restricted triangulation.
